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Abstract: The topological interlocking is a principle whereby structural elements are arranged in such a 
way that no internal element can be pulled out of the structure without disturbing the neighbours, while  
separate blocks still can move independently within the geometric co nstraints. It is hypothesised that 
the main features of vibrations in such structures can be modelled by a system of coupled bilinear 
oscillators  oscillators with the springs having different stiffness in compression and tension. In a 
single bilinear oscillator this is known to lead to the emergence of multi-harmonic and sub-harmonic 
resonances. We investigate a system consisted of two coupled bilinear oscillators and propose a 
method of determination resonance frequencies. 
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1 Introduction 
Over the recent years new ideas in materials design have been emerging and different approaches 
have been proposed. Common to them is the reliance on geometrical principles of engineering the 
inner structure of the material to achieve required mechanical properties and new functionalities. One 
of the novel ideas in the design of such materials is the principle of topological interlocking. It has been 
found [1] that identical elements having the shape of one of the five platonic bodies (tetrahedron, 
cube, octahedron, dodecahedron and icosahedron) allow topological interlocking. As an example, Fig. 
1 shows interlocking assemblies of cubes (Fig. 1 a) and octahedra, (Fig. 1 b). That is to say, such 
elements can be assembled in a layer that maintains its integrity despite the absence of any binder 
phase or connectors between elements. This is ensured by the specific arrangement of the elements 
in which removal of any element from the structure is prevented by its neighbours. As a further 
development of this concept elements of specially engineered shape were created to provide for a 
more versatile interlocking capability [2]. The main feature of interlocking structures is the ability of 
separate blocks to move (and rotate) independently within the geometric constraints imposed by the 
neighbouring blocks. This affects the way the oscillations are induced and propagate within the 
structure and one anticipates effects similar to the damping of vibrations. 
 
(a) (b)
 
Figure 1. Positions of cubes (a) and octahedra (b) in topological interlocking assemblies. 
 
The remarkable feature of interlocking assemblies is that they respond differently to compression and 
tension. Given that many masses are involved it is reasonable to model the vibrations in an 
  
interlocking structure by a system of bilinear oscillators. Furthermore, since the blocks do not osci llate 
independently, they constitute a system of coupled oscillators. As a further simplification, we only 
consider the oscillators without damping. 
Bilinear oscillator is the oscillator whose spring has different stiffness in compression and tension. It is 
known to possess multi-harmonic and sub-harmonic resonances [3, 4]. There are a number of 
engineering structures where bilinear oscillators play an important role. These are the mooring lines 
[4], connections of carriages in trains [5], thin cracks in engineering and geo-materials [6, 7], etc. One 
anticipates that the interlocking structures could also be characterised by multiple resonances 
controlling the vibration properties thereof.  
The paper is structured as follows. Section 2 is devoted to the analysis of a s ingle bilinear oscillator. 
The analytical solution is compared with the numerical one. Further properties of the single oscillator 
are inferred using numerical simulation. In Section 3 we investigate the properties of a coupled bilinear 
oscillator in which a method of determining the candidates for resonant frequencies is developed and 
the results of numerical simulation of the coupled bilinear oscillator are presented. 
2 Analysis of a single bilinear oscillator 
We consider a bilinear oscillator without damping. Its motion is described by the equation  
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Here x is the position of the oscillating mass. In accordance with the nature of interlocking, we assume 
that the springs stiffness is higher in compression than in tension, i.e. -+ £ ww . It is important to note 
that this oscillator is characterised by two linear states which correspond to tension or compression of 
the spring. The nonlinearity only manifests itself in the transitions between the states. 
2.1 Free oscillations 
We start with the case of free oscillations, f =0. The analytical solution of (1) for one period can be 
written explicitly as follows 
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Then the solution is periodically extended. Parameter A describes the oscillation crest amplitude. The 
characteristic period T of oscillations does not depend on the amplitude A. The former as well as the 
eigenfrequency W are given by  
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The eigenfrequency of the bilinear oscillator does not coincide with partial frequencies +w  and -w  of 
the oscillators which correspond to its linear states. 
2.2 Resonances in bilinear oscillator infinitely stiff in compression 
In the case of forced oscillator (1) we simplify the analysis, following [3], by considering asymptotics 
¥®-w  (extremely high stiffness in compression). We also assume the force W= Ntf sin)( , where N  
is an integer and W=2w+ is the eigenfrequency for this asymptotic case.  
By introducing new variables 2W=¢ xx , tt W=¢  and omitting the primes one can rewrite (1) as 
0),sin(4 ³=+ xNtxx&&     (4) 
  
where x cannot be negative, since the stiffness in compression is infinite.  
The general solution for the oscillations in the n-th period reads 
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where the constant Qn is chosen to satisfy the initial conditions 0)0( =nx , nn Vy =)0( , where Vn is the 
velocity at the transition point between the periods. Then 
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At the end of the n-th period, the oscillations come to zero with the velocity 
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In the following period the initial condition for the velocity )0(1 ++ny  has the same value but the 
opposite sign to the velocity at the end of the previous period, )02( -pny  (due to reflection from the 
infinitely stiff spring in compression). 
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As seen from this formula, the velocity linearly increases with the number of period n. This makes the 
unbounded resonance possible on any highest harmonic. However, the rate at which the amplitude 
increases falls with the increase of the harmonic number, N, approximately as 1/N. 
2.3 Numerical simulation of resonances in general bilinear oscillator 
Using the results from the previous subsection we now turn to the numerical modelling of the general 
case (1). We introduce the factor of non-linearity 22 +-= wwK . Fig. 2 shows the results of simulations 
of the oscillators with K=1, 2, 20 excited on the basis frequency (Fig. 2a), ( ) 112 -+=W KK  and the 
second harmonic, 2W (Fig. 2b). The resonance is obviously seen for all values of K on the basis 
frequency. However, the second harmonics only gives resonance in the bilinear cases (K=2 and 20). 
The stronger non-linearity is, the stronger the resonance gets. Another interesting feature is seen from 
the plot for K=20 for the second harmonic (Fig. 2b)  at the beginning of oscillations, the curve shows 
a mixture of the basis and the excitation frequencies, but then the oscillations on the basis frequency 
take over. 
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Figure 2. Oscillations for different factors of non-linearity 22 +-= wwK : (a) corresponds to the excitation 
on the basis frequency; (b) corresponds to the second harmonics. 
  
Fig. 3 shows the excitation on half of the basis frequency (N=1/2). It is seen that the bilinear oscillator 
also has sub-harmonic resonances, which are the stronger the higher the factor of non-linearity. (As 
the sub-harmonic resonances are weak, longer times are needed to reveal their presence.) 
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Figure 3. Sub-harmonic (N=1/2) resonances. 
 
3 Coupled bilinear oscillator 
Consider now a symmetrical system of two coupled bilinear oscillators, Fig. 4. Such an arrangement 
models oscillations in interlocking structures laterally constrained by a rigid frame. We assume that all 
springs have the same stiffnesses and the oscillator is described by the following system of equations 
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where W0 is a frequency of excitation.  
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Figure 4. Coupled bilinear oscillator. The excitation is applied to the second mass marked by x2. 
 
The main feature of system (9) is that it possesses linear states, the non-linearity only manifesting 
itself in transitions between states, i.e. when a link changes its stiffness. There are 6 possible states 
when the system is linear (23 possible states of three links less 2, as the links cannot be 
simultaneously all in tension or compression). Each state has its own combination of three stiffnesses 
and is characterised by two conventional eigenfrequencies and the corresponding eigenvectors. We 
designate a state by the sense of the springs: for example (+ + -) corresponds to the first two springs 
(from left to right in Fig. 4) being in tension and the third one in compression. In the co-ordinates (x1, x2) 
the transitions between the states correspond to crossing one of the lines x1=0, x2=0 or x1=x2. Table 1 
lists all 6 states with the corresponding designations, eigenfrequencies and eigenvectors. As there are 
two pairs of states with coinciding eigenvectors and eigenfrequencies, there are only 4 rows in Table 
1. 
  
 
Table 1. Linear states of the coupled bilinear oscillator associated with different eigenvectors. 
No Designation Eigenvectors Eigenfrequencies 
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If a resonance involves a transition from a state i to a state j one could expect that the resonant 
frequency would be a multiple of the composed frequency W computed from a pair of 
eigenfrequencies of the states (3). For instance, if the basis frequencies of state i are iaw  and 
i
bw , 
then we have four candidates for the resonant frequency: ( )jaia ww ,W , ( )jbia ww ,W , ( )jaib ww ,W , ( )jbib ww ,W .  
Numerical simulations with the  excitation frequency W0 equal to one of the above candidates identify 
three generic types of behaviour resonance (R), bits or modulation (M) and intermittence (I), Fig. 5. 
The results are summarised in Table 2. (Due to symmetry only the lower triangle is shown.) It is seen 
that the resonance only corresponds to the transition between the states with the same eigenvectors. 
4 Conclusions 
The main feature that distinguishes the single bilinear oscillator from the corresponding linear one is 
the presence of super- and subharmonic resonances. While a single bilinear oscillator has only two 
linear states, the two degree of freedom coupled bilinear oscillator possesses six states. In each state 
the system is linear and has two basis local frequencies. Subsequently, the whole system possesses 
a number of eigenfrequencies corresponding to all possible combinations of the basis frequencies of 
the two states involved in the state transition. There exists only one resonant frequency  amongst 
these eigenfrequencies. This corresponds to the transition between the states which have the s ame 
eigenvectors. 
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Figure 5. Typical time series, x1, x2 (left) and phase portraits (x1, dx1/dt), (x2, dx2/dt) (right) for resonance 
(a), modulation (bit) (b) and intermittence (c). 
 
Table 2. Types of behaviour corresponding to different transitions between the linear states. R-
resonance, M modulation (bit), I  intermittence. 
 1
aw  
1
bw  
2
aw  
2
bw  
3
aw  
3
bw  
2
aw  M I     
2
bw  I I     
3
aw  M I M I   
3
bw  M I I I   
4
aw  I I R I I I 
4
bw  I I M R M M 
 
